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Abstract In classical probability the law of large numbers for the multiplicative 
convolution follows directly from the law for the additive convolution. In free prob- 
ability this is not the case. The free additive law was proved by D. Voiculescu in 
1986 for probability measures with bounded support and extended to all probability 
measures with first moment by J. M. Lindsay and V. Pata in 1997, while the free 
multiplicative law was proved only recently by G. Tucci in 2010. In this paper we 
extend Tucci's result to measures with unbounded support while at the same time 
giving a more elementary proof for the case of bounded support. In contrast to the 
classical multiplicative convolution case, the limit measure for the free multiplica- 
tive law of large numbers is not a Dirac measure, unless the original measure is a 
Dirac measure. We also show that the mean value of Inx is additive with respect to 
the free multiplicative convolution while the variance of lnx is not in general addi- 
tive. Furthermore we study the two parameter family (/i a ,/3)a,j3>o °f measures on 
(0,°o) for which the S-transform is given by 5^ a(3 (z) — (—z)^ (1 +z) _a , < z < 1. 



1 Introduction 

In classical probability the weak law of large numbers is well-known (see for in- 
stance Ifl2l Corollary 5.4.11]), both for additive and multiplicative convolution of 
Borel measures on R, respectively, [0,°°). 
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Going from classical probability to free probability, one could ask if similar re- 
sults exist for the additive and multiplicative free convolutions El and HI as defined 
by D. Voiculescu in [ 14| and [15] and extended to unbounded probability measures 
by H. Bercovivi and D. Voiculescu in [2 |. The law of large numbers for the free ad- 
ditive convolution of measures with bounded support is an immediate consequence 
of D. Voiculescu's work in [14] and J. M. Lindsay and V. Pata proved it for measures 
with first moment in [9 Corollary 5.2]. 

Theorem 1 (||9| Corollary 5.2]). Let n be a probability measure on K with existing 
mean value a, and let \j/„: K — > R be the map \j/ n (x) — j-x. Then 

V^(juffl---fflju) 8 a 



where convergence is weak and S x denotes the Dirac measure afieR. 

Here denotes the image measure of jx under <p for a Borel measurable 

function : M — > M, respectively, [0,°°) — > [0,°°). 

In classical probability the multiplicative law follows directly from the additive 
law. This is not the case in free probability, here a multiplicative law requires a sep- 
arate proof. This has been proved by G. H. Tucci in lfl3l Theorem 3.2] for measures 
with bounded support using results on operator algebras from |4| and (5). In this 
paper we give an elementary proof of Tucci's theorem which also shows that the 
theorem holds for measures with unbounded support. 

Theorem 2. Let n be a probability measure on [0,°°) and let <j)„ : [0,°°) — > [0,°°) be 
the map <j)„(x) = X" . Set 8 = /i({0}). If we denote 

V„ = <j>n(Hn) = &,(ttK]---B/i) 



then V„ converges weakly to a probability measure V on [0,°°). If [1 is a Dirac 
measure on [0,°°) then V = /I. Otherwise V is the unique measure on [0,°°) charac- 
terised by V ( 0, s ^— q J = t f or a U f ^ (5, 1) and v({0}) = 8. The support of the 
measure V is the closure of the interval 

(„./7)=((/ x^dnix)) A xdn(x)\, 




o 

where < a < b < °°. 

Note that unlike the additive case, the multiplicative limit distribution is only a 
Dirac measure if jj. is a Dirac measure. Furthermore and hence (by lfl5l Theorem 
2.6]) pi can be reconstructed from the limit measure. 

We start by recalling some definitions and proving some preliminary results in 
Section |2l which then in Section [3] are used to prove Theorem [2] In Section [4] we 
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prove some further formulas in connection with the limit law, which we in Section 
|5]apply to the two parameter family (fla p) a,/3>o °f measures on (0,°°) for which 

the 5-transform is given by 5 Ma(3 (z) = A + A g , < z < 1. 



2 Preliminaries 

We start with recalling some results we will use and proving some technical tools 
necessary for the proof of Theorem|2] At first we recall the definition and some prop- 
erties of Voiculescu's 5-transform for measures on [0,°°) with unbounded support 
as defined by H. Bercovici and D. Voiculescu in 0. 

Definition 1 ((2j Section 6]). Let fi be a probability measure on [0,°°) and assume 
that 5 — ^({0}) < 1. We define y/ M («) = / °° T ^d^i(f) and denote its inverse in a 
neighbourhood of (5 — 1,0) by Xfi- Now we define the S-transform of jtx by S^(z) = 
ZJ T Xn(z) for ze(5- 1,0). 

Lemma 1 (|2, Proposition 6.8]). Let ji be a probability measure on [0,°°) with 
8 = /i({0}) < 1 then Sfj, is decreasing on (5 — 1,0) and positive. Moreover, if 8 > 
we have S^z) — > °° if z — > 8 — 1. 

Lemma 2. Let jx be a probability measure on [0,°°) with 8 = /i({0}) < 1. Assume 
that jll is not a Dirac measure, then S'^ (z) < Ofor z£ (5 — 1,0). In particular Sfi is 
strictly decreasing on (5 — 1,0). 

Proof. For u € (— °°,0), 



Moreover lim„^o_ y/^(u) =0 and lim u ^_oo iff^ (u) = S — 1. Hence y/jj is a strictly 
increasing homeomorphism of (— °°,0) onto (5 — 1,0). For u € (— °°,0), we have 

Hence 

— flnS ( (u)))= 1 = W(")(w(«) + !)-«<<,(«) 

du [n M A 11 ))) y M ( H )(y M (w) + l) " mv^(m)(v^( m ) + 1) 

(2) 

where the denominator is positive and the nominator is equal to 
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=-t r r n ( w? 2 f ,2 d MWdM(o 

2 Jo Jo (1 — ms) z (1 - t/f) z 
where we have used that 

(s + t)(l -us)(l -ut)-s(l -ut) 2 -t{\ - us) 2 = -M(s-f) 2 . 
Since ji is not a Dirac measure, 

(lixfi)({(s,t)e[Q,^) 2 :s^t})>0 

and thus 

Jo Jo (1 — usyil — uty 
which shows that the right hand side of (f2| is strictly positive. Hence 

^Mx(z))<0 

for z € (5 — 1,0), which proves the lemma. □ 

Remark 1. Furthermore, by (2] Proposition 6.1] and [2, Proposition 6.3] y/^ and 
^ are analytic in a neighbourhood of (— °°,0), respectively, (—1,0), hence is 
analytic in a neighbourhood of (5 — 1,0). 

Lemma 3 (|2 , Corollary 6.6]). Let jj. and V be probability measures on [0,°°), none 
of them beeing 5o, then we have S^sv = S^Sy. 

Next we have to determine the image of . Here we closely follow the argument 
given for measures with compact support by F. Larsen and the first author in flU 
Theorem 4.4]. 

Lemma 4. Let pi be a probability measure on [0, °°) not being a Dirac measure, then 
Su((& ~ 1)0)) = (b ,a ), where a, b and 8 are defined as in Theorem^ 

Proof. First assume 5 = 0. Observe that for u — > °° we have 

/ ■— -J— -d/j(f) -> f l -dn{t) = a- x and / -^—dfl(t) -> 1. 
Jo i+ut Jo t Jo 1+ut 

Hence 
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-vfr(-") SoT^^iO , f ^ 

1 \ TT = — u ; — 7T -> A tor M -> oo. 

a(vr M (-u) + l) Jo TT3 du ( f ) 
Similarly for «->0we have 

/ — - — duff) -» / tdu(t) = b and / — - — duff) ->• 1. 

Hence 

-V^(-») /o°TjsF d "( r ) , , f ^ n 

— ; j- — ; -r = — Z, — i >" for U — Y 0. 

«(V»m(-") + 1) Jo TT^ du ( f ) 
As is the inverse of I/Am we have 

= yM( _ H) frOfrHO) = _^ ( _ h) ■ 

By ([TJ and Lemma [2] y/^ is strictly increasing and continuous and is strictly 
decreasing and continuous so S^(^((— °°,0))) =S ft ((— 1,0)) = (&~ ,a ). 

If now 8 > we have by Lemma[T]that 5^ (z) — > °° for z — > 5 — 1, so in this case 
continuity gives us Sn((S — 1,0)) = which is as desired as a = in this 

case. □ 



3 Proof of the main result 

Let ji be a probability measure on [0,°°) and let v be as defined in Theorem|2] If 
H is a Dirac measure, then v„ = ji for all n and hence v„ — > V = jJ, weakly, so the 
theorem holds in this case. In the following we can therefore assume that jj. is not 
a Dirac measure. We start by assuming further that ji({0}) = 0, and will deal with 
the case u({0}) > in Remark|2] 

Lemma 5. For all t G (0, 1) and all n> 1 we have 

£ (l+^s^t-iyA dv n (x)=t. 

Proof. Let t G (0, 1) and set z = t — 1. By Definition Q] we have 



(4* 



du„(x) + l 
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In the last equality we use multiplicativity of the S-transform from Lemma[3] 

Now substitute t = z + 1 and afterwards y n = x and use the definition of v„ to get 



l + ^^r-iyy) Voo. 



Now, using this lemma, we can prove the following characterisation of the weak 
limit of v„ . 



Lemma 6. For all t € (0, 1) we have t = lim,,^,*, V„ ^ 0, s 
Proof. Fix t e (0,1) and let t' £ (0,t). Then 



< 



< 



< 



l + -^S M (f'-l)v) dv„(x) 



^(l + ^s^-iyv) l dv n (x) 



ldv„(x)- 

JO 



■Sfi('-l) 



-1 



l + ^-^'-rjV) dv„(x) 



r Um('"1) 



n\ -1 



dv„(x) 



< v„ 



0, 



S M (t-l)J 



f vS M (f-l) 



-l 



Here the first inequality holds as f ' < f while 5^ (f ' — 1 )"x" > 0, the second holds as 
1 + ^r-Sfiit 1 - l)"x" > 0, and the last because V„ is a probability measure. 

By Lemma[2] 5^(f — 1) is strictly decreasing. Hence S £ ^ _ U > 1. This implies 



lim 



And hence 



The law of large numbers for the free multiplicative convolution 

1 



t' < liminf v„ 

H-S-oo 

As this holds for all t' E (0,f) we have 



t < liminf V„ 

n— >°° 



0. 



0, 



(3) 



On the other hand if t" € (t, 1) we get 
l-t" 



t = 



> 



-l 



> 



> 



■s('-i) 



1 + — S M (*"-l)Vj dv„(x) 
1-f V 1 

1 + — Sn(t"-l)V) dV n (x) 
l-t V' 

\ + —S ll {t"-l) n x n \ dv n (x) 



> v„ 



1 

S(r-I) 



0. 



// 1 N« \ -1 



1-f 1) 

f S M (f-l)» 



dv„(x) 



S^t-1) 



l-tf S,(t"-l) 
t \S,(t-l) 



ll\ -1 



Here the first inequality holds as t" > t while (t" — 1 )x" > 0, and the second to 
last inequality holds as (t — 1 ) is decreasing. 

s [t"—\\ 

Again as S^(t — 1) is strictly decreasing we have gj^j < 1> hence 



lim 



1-f 1) 



AH 



This implies 



t >limsupv„ 



As this holds for all t" € (f , 1) we have 
f > lim sup v„ 
Combining OJ and we get 



t = lim v„ 



0, 



*m('-1) 



(4) 



0, 



as desired. 
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For proving weak convergence of v„ to v it remains to show that v„ vanishes in 
limit outside of the support of v. 

Lemma 7. For allx <a andy >b we have v„([0,x]) — > 0, respectively, V„([0,y]) — > 
1. 

Proof. To prove the first convergence, let f < a and s£ (0, 1). Now we have that 
t < „ } ., from Lemma|4]and hence 

limsup v„([0,f]) < limsupv,, 

n — y°° n— 

Here the inequality holds because v„ is a positive measure and the equality comes 
from Lemma|6] As this holds for all s E (0, 1) we have limsup^^ v„([0,f]) < and 
hence limsup,,^, v„([0,f]) = by positivity of the measure. 

For the second convergence we proceed in the same manner, by letting t > b and 
s G (0, 1). Now we have that t > from Lemmaffland hence 

liminf v„([0,f]) > liminfv,, 

Again the inequality holds because v„ is a positive measure and the equality comes 
from Lemma[6] As this holds for all s € (0, 1) we have limsup,,^^ v„([0,f]) > 1 and 
hence limsup,,^, v„([0,f]) = 1 as v„ is a probability measure. □ 

Lemmas [6] and [7] now prove Theorem |2] without any assumptions on bounded 
support as weak convergence of measures is equivalent to point-wise convergence 
of distribution functions for all but countably many x £ [0,°°). 

Remark 2. In the case 8 = ^({0}) > 0, is only defined on (5—1,0) and S^(z) — > 
°° when z — > 8 — 1. This implies that Lemma |5] only holds for t E (8,1), with a 
similar proof. Similarly Lemma [6] only holds for t E (8,1), and in the proof we 
have to assume t' E (8,t). Similarly in the proof of Lemma [7] we have to assume 
s E (8,1). Moreover, in Lemma [7] the statement, < x < a implies v n ([0,x]) —> 
for n -} oo, should be changed to a = and v„({0}) = 8 = v({0}) for all n E N. 

Using our result we can prove the following corollary, generalizing a theorem 
(||6j Theorem 2.2]) by H. Schultz and the first author. 

Let (.M , x) be a finite von Neumann algebra ./# with a normal faithful tracial 
state T. In [5 , Proposition 3.9] the definition of Brown's spectral distribution measure 
fij was extended to all operators T E jft , where ^ is the set of unbounded 
operators affiliated with .Jt for which T(ln + (|7"|)) < oo. 

Corollary 1. If T is an R-diagonal in then (jj,^ T *yi T n ) — > w(ij.t) weakly, where 
W(z) = \z\ 2 , ZEC, and <j>„(x) =x x l n forx> 

Proof. By J5] Proposition 3.9] we have fij" T = jJ.(j*^n T n and by Theorem|2]we have 
<p(fifl' T ) -> v weakly. On the other hand observe that v = ^(jir) by fl5] Theorem 
4. 17] which gives the result. □ 



0, 



Sais-1) 



•S(s-1)_ 
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Remark 3. In (6] Theorem 1.5] it was shown that ^ n {ll(T*) n T n ) ~> W{!*t) weakly for 
all bounded operators T £ j$ . It would be interesting to know, whether this limit 
law can be extended to all T £ ^ A . 



4 Further formulas for the 5-transform 

In this section we present some further formulas for the 5-transform of measures 
on [0,oo), obtained by similar means as in the preceding sections and use those to 
investigate the difference between the laws of large numbers for classical and free 
probability. From now on we assume /i({0}) = 0. Therefore jA can be considered as 
a probability measure on (0,°o). 

We start with a technical lemma which will be useful later. 

Lemma 8. We have the following identities 



ln z 



t 



l-t 
l 



df = — 



In 2 1 df : 



o 



ln 2 (l-f)df : 



rnrln(l-f)df = 2-— . 

6 



Proof. For the first identity we start with the substitution x = j— which gives us 

t = -r— and At = T . and hence 

i+x (i+-v 



hr 



l-t 



df : 



ln 2 jc 
o (1+*) 2 
d 2 



dx 



da 2 Jo (1 +x) 
d 2 

— -^Btl + a, 1 - a) 
da 2 



a=0 



a=0 



Tta 



da 2 sin(^a) 



a=0 
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where B(-,-) denotes the Beta function. The second and the third identity follow 
from the substitution t n- exp(— x), respectively, 1 — t M- exp(— x). 
Finally, the last identity follows by observing 



K 1 



= I In 2 [ — — ] df 



1-t 

1 

2, , i„2 



= / hrr + ln z (l-r)-21nrln(l-r)df 
Jo 

= 4-2 / lnrln(l-?)d? 



which gives the desired result. □ 

Now we prove two propositions calculating the expectations of lnx and In 2 x both 
for ji and v expressed by the S-transform of jj.. 

Proposition 1. Let }X be a probability measure on (0,°°) and let V be as defined in 
Theorem^ Then Jq \\nx\ d/l (x) < °° if and only if f Q \lnS^(t — 1) \dt < °° and if and 
only if Jq |lnx| dv(x) < °°. If these integrals are finite, then 

lnxdjufx) = — / lnS„(f-l)df= / lnxdvfx). 
Jo Jo 

Proof. Forx > 0, put ln + x = max(lnx,0) and ln~x = max(— lnx,0). Then one eas- 
ily checks that 

\n + x < \n(x+ 1) < ln+x + ln2 
and by replacing x by - it follows that 

ln~x<ln| I <ln~x + ln2. 



Hence 



and 



/ ln + xdju(x) < °° <^ / ln(x+ l)d/i(x) < °° 
Jo Jo 

j kTxd/i(x) < oo ^> J In f^-tl. j dji(x) < °°. 



We prove next that 

J ln(x + l)d/i(x) = J \vT uy'^-uj&u (5) 

and 
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(6) 



Recall from (Q}, that 

V^(-k) 



/o (l+ut) 2 
Hence by Tonelli's Theorem 

ln + Mi//^(— u)du — / \nu\j/^(— u)du 



dfi(t), u>0. 



o J i (l+ux) 2 



In ududfi(x) 



and similarly 



In uw'(—u)du ■—, . n in i 

o M 7o 7o (1+Mx) 2 V" 



In ( - I dMd^i(x) 



By partial integration, we have 



\nudu = 



l\ (l+ux) 2 
and similarly 



Inu I u 

-In 



r In ( — I du - 



o (1 +ux) 2 \u 



l+ux \ 1 + ux 



lnu I u 

In f 



= ln 



x+1 



l+ux \ 1 + ux 
ux 



1 + ux 



ln« + ln(l +ux) 



u=0 

ii=i 



»=o 



ln(x+l) 



which proves (O and (|6). Therefore 

J |1iijc| dju(jc) < °o ^ j |ln«| y/^-^du < °° 
and substituting i-i/^f-i/J + lwe get 



J~\lnu\xi/'^-u)du = J q |ln (-*„(*-!)) | <k = jf In f +lnS M (t - 1) 



dr. 



Since / , | In (y 1 -) | df < °o it follows that 

J \lnu\ y/^(-«)dM < oo<^ y |ln5 M (f- l)|df < «>. 

If /i is not a Dirac measure, the substitution x = S^(t — 1 ) ~ 1 , < f < 1 gives t = 
v((0,x]) for a <x < b, where as before a — f/J°x _1 d/i(x)) 1 and = J °°xd/i(x). 
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The measure v is concentrated on the interval (a,b). Hence 

1 



/ 1 |lnjc|dv(x)= / fo |lnx|dv(x)= f 

JO Ja JO 



In 



1 

dt = / |ln5 M (f- l)|df. 



This proves the first statement in PropositionQ] If all three integrals in that state- 
ment are finite, we get 

/ lnxdjii(x) = / ln(x + l)dji(x) - [ In ( ) dp(x) 
Jo Jo Jo \ x J 



(in u — \n + u)\j/ (~u)du = — \nu\j/ (—u)du. 
o H Jo M 



By the substitution t — V^(— u) + 1 we get 



o ln(-^(f-l))df = ^ ( ln ( — J +lnS M (f-l)Jdr = ^ lnfy(t- l)df. 

Hence /jr lnxdp (x) = — /(jlnS^? — l)df. Moreover, by the substitution x — 
Sfi(t- 1) _1 ,0 < t < 1 we get 

^Inxdp W - / 1" (^b)) df = f ln,dv(x). 
Finally, if p = 5 X , x € (0, °°), this identity holds trivially, because V = 8 X and S v (z) = 

i,0<Z<l. □ 

Corollary 2. Let /ii and \ii be probability measures on (0,°°). If E^(lnx) and 
E^ 2 (lnx) exist then E^^j^ (lnx) also exists and 

E Ml K|i 2 ( lnx ) = E Mi (lnx) +E M2 (lnx) 
where E M (/) = £ f(x)dfl (x). 

Proof. The statement follows directly from PropositionQ]and multiplicativity of the 
S-transform. □ 

For further use, we define the map p for a probability measure jj. on (0,°°) by 
p(M) = jj\(^p)ln,S M (f-l)df. 

Note that p(p) is well-defined and non-negative for all probability measures on 
(0,°°) because 

l-A. „ , ^ . /l-A. /s u (f-i)\ . / 1 — r \ „ / l 



In ( — ] ln, V / 1 . = In ( — ) In I I +1" J ^ (^J (7* 
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where the first term on the right hand side is non-negative for all f 6 (0, 1) and the 
second term is integrable with integral 0. 

Lemma 9. Let [i be a probability measure on (0,°°), then 

< p(p) < ^ In 2 S M (f-l)df 

Furthermore, p(p) = if and only if jl is a Dirac measure. Moreover, equality 
holds in the right inequality if and only if S^z) = ("n - )^ for some y > and in this 

2 

case p (ju) = y^r. Additionally, if \l\ , jJ-2 are probability measures on (0, °°) we have 
p(piHp 2 ) =p(Mi)+P(Ma)- 

Proof. We already have observed p > 0. For the second inequality observe that 

p( "» 2s (i' l " 2 ( i 7 I ) < ")(/o' ln2s '' ( '- 1)< ") 

by the Cauchy-Schwarz-inequality, where the first term equals ^- by Lemma[8] 

If p = 8 a for some a > we have Su(z) = hence lnS^(f — 1) is constant so 
the oddity of ln(ip) gives us p(p) = 0. On the other hand, if p(p) = 0, the first 
term in (0 has to integrate to 0, but by symmetry of In (-^) and the fact that is 
decreasing, this implies that must be constant, hence p is a Dirac measure. 

Equality in the second inequality, by the Cauchy-Schwarz inequality happens 
precisely if \nS^(t — 1) = yln(i^) for some y > which is the case if and only if 

Sn(t — 1) = ("7 1 ) r , and in this case p(p) = y^ by Lemma[8] 
For the last formula we use multiplicity of the S-transform to get 

p(Hi Kp 2 ) = J^to O-f^-J ln^ lKM2 (f - l)df 

= In (inSft, it - 1) + lnS M2 (f - 1)) dr 

= p(pi)+p(p 2 )- 

□ 

Proposition 2. Lef /J. be a probability measure on (0,°°), and let V be defined as in 
Theorem^ Then 

J \n 2 xdn(x) = j\n 2 S^(t-l)dt + 2p(jx) 

J ln 2 xdv(x) = y 1 ln 2 S M (?-l)d? 
V M (lnx) =V v (lnx)+2p(p). 
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as equalities of numbers in [0,°°], where V CT (lnjc) denotes the variance of Inx with 
respect to a probability measure O on (0,°°). Moreover 

0<p(M) < ^=V v (lnx)2. 
v3 

Proof. We first prove the following identity 

/ ln 2 uy'(-u)du = [ ln 2 xdjj.(x) + — . (8) 
Jo M Jo 3 

Since w) — /J° ^^^ ck, we get by Tonelli's Theorem, that 

ln 2 uy/'(-u)du = / [ / ln 2 «- — - — -^du)du(x) 
M Jo V^o (1+ux) 2 J 

9 /v\ dv 



Note next that 



In 2 



o \Jo \xJ (1 + \'Y 



fv\ dv l2 
~ 7T~ 1 — 7? = co + cilnx + c 2 ln x 

\xJ (1 + v) z 



where c = / °° (j^dv, c i = - 2 Jo° (r^F dv ' and Cl = Jo lJTv^ dv = L Moreover > 
by the substitution v = ~ one gets cj = — C] and hence c\ = 0. Finally, by the sub- 
stitution v = yrfjO < f < 1 and Lemma [8] 

Hence 

y ln 2 M^(— u)du = J ^ln 2 x+ ^-J dju(x) 
which proves (fSJ. Next by the substitution f = y/^ (— m) + 1, we have 

jf ln 2 M^(-«)d M = y 1 ln 2 (-x M (f-l))df = jf 1 (\n(^-^-\ + lnS M (r-l)^ df. 

(9) 

Since f M> In (-M) is square integrable on (0, 1) the right hand side of (O is finite if 
and only if 



j\n (S M (f-l)) 2 df <■ 
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Hence by ([8]l and (0 this condition is equivalent to 

ln 2 jcd/i(x) < oo, 



so to prove the first equation in Proposition's suffices to consider the case, where 
the two above integrals are finite. In that case p(fi) < °° by Lemma [9] Thus by 
Lemma[8]and the definition of p(/i), 

1 / /1-A \ 2 . f 1 . , . . , , n 2 



L ( ln (-r)+ ln ^( f - 1 )) dt = I ln 2 (5 M (f-l))df + 2p(Ai) + y. 
Hence by (0 and (O 

J \n 2 xdfi{x) = j\n 2 (S^(t-l))dt + 2p{n). 



The second equality in Proposition^ 

f ln 2 xdv(x) = [\n 2 SJt-l)dt 
Jo Jo 



follows from the substitution x = (t — 1 )~ 1 in case ji is not a Dirac measure, and 
it is trivially true for Dirac measures. By the first two equalities in Proposition^ we 
have 



\n l xdpL{x)= ln z ;cdv(x)+2p(^). (10) 
Jo 

If both sides of this equality are finite, then by PropositionQ] 

lnxd^(x)= / lnxdv(x) 
Jo 

where both integrals are well-defined. Combined with ( fTOb we get 

V M (lnje)=VvCM+2p(M) < n ) 

and if J ( "ln 2 xd/i(x) = +°°, both sides of ( fTTT ) must be infinite by ( fTOb . 

As the S-transform behaves linearly when scaling the probability distribution in 
the sense that the image measure fi c of jj. under x i— >■ cx for c > gives us S^, (z) — 
c ~ l Sn(z) we have for p that 

pQUc) = j Q In f ln(c-%(r - l))dr 

1 In f^-y-^^) ln5 M (f - l)dr + J In (^—^ \c~ l At = p(/i) + 



16 Uffe Haagerup and Soren Moller 

by anti-symmetry of the second term around t = ^. Using this for c = exp (E v (lnx)), 
we get 



p(p) =p(Mc) < ^= (7 1 (ln^(f - 1) -Ey (lnx)) 2 df 

= -^= (lnS M (f- l) 2 -2E v (lnx) 2 + E v (In*) 2 ) dt^j 



□ 



Now we can use the preceeding lemmas to investigate the different behavior of 
the multiplicative law of large numbers in classical and free probability. Note that in 
classical probability for a family of identically distributed independent random vari- 
ables (Xj)f =l we have the identity V(ln(n" =0 ^')) = nV(lnXi). In free probability 
by Propositions Q] and [2] we have instead 



Vjjia,(]iif) 



= jf ln 2 S AtH „(f-l)dz + 2p(p a? )- (- j faS^m&dz 
= n 2 J 1 In 2 5 M (r - 1 )dz + 2np (p ) - n 2 (j ° In S M (z)dz 



= « 2 V v (lnx)+2«p(p). 

Hence V M &,( mf ) = «V M (lnf) + n(n - l)V v (lnr) > nV M (lnf) for n > 2 if p is not 
a Dirac measure and V v (lnf) < °°, which shows that the variance of lnf is not in 
general additive. 

Lemma 10. Let jx be a probability measure on (0,°°) and let v be defined as in 
Theorem^ Then 

for — 1 < 7 < 1 and 



f x?dv(x) = ( SJt-iy r dt 
o Jo 



for / GKfls equalities of numbers in [0,°°]. 

Proof. By Tonelli's theorem followed by the substitution u — yx we get 
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= Jo x7 Jo jrr^ dud ^ x) 

= 5(1-7,1 + 7) / x r dp(x), 
Jo 

where B(s,t) = / °° (1 ^ t ~' J+ , d« is the Beta function. But B(l - y, 1 + 7) = %J ^p- by 
well-known properties of B. Substitute now x = —%n {— z) and z = 1 — t to get 

jfVV M (-*)d*= / o 1 (-^(^)) _y dz = / 1 (^ 7 ! ^(f-l)) "df, 

which gives the first identity. The second identity follows from the substitution x = 
5^ (f — 1 ) 1 an d the properties of v from Theorem[2] □ 



5 Examples 

In this section we will investigate a two parameter family of distributions for which 
there can be made explicit calculations. 

Proposition 3. Let a,/3 > 0. There exists a probability measure n a p on (0,°°) 
which S-transform is given by 

^Ma.pW ~ (l+ z )a- 

Furthermore, these measures form a two-parameter semigroup, multiplicative under 
M induced by multiplication of (df, jS) G [0,°°) x [0,°°). 

Proof. Note first that a = /3 = gives = 1, which by uniqueness of the S- 
transform results in /Xo,o = 8i, hence we can in the following assume (a, /3) ^ (0,0). 
Define the function v a n : C \ [0, 1] — > C by 

V/3W=i 3ln (-2)-° :ln ( 1 +z) 

foraUzGC\[0,l]. 

In the following we for z G C denote by argz G [— 7C,7C] its argument. Assume 
z = x + iy and y > then 

M-z) = ^ln(^ 2 +y 2 ) +iarg(-x-iy) 

where arg(— x — iy) < 0, which implies that ln(C + ) C C~. Similarly, if we assume 
z — x + iy and y > then 
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ln(l+z) = ^ln((x+l) 2 +;y 2 ) + iarg((x+ 1) +iy) 

where arg((x+ 1) + iy) > 0, which implies that — ln(l +C + ) C C~ and hence 
v a j3(C + ) C C~. Furthermore, we observe that for all z £ C, v a p(z) — v a n{z). By 
121 Theorem 6.13 (ii)] these results imply that there exists a unique K -infinitely 
divisible measure fi^ q with the 5-txansforni 

S^ p (z) = «p(v(z)) = exp(j81n(- Z ) - oln(l + Z )) = 

The semigroup property follows from multiplicativity of the S-transform. □ 

Furthermore, there is a clear relationship between the measures ji a p and fip a . 

Lemma 11. Let a./3 > 0, (0£,/3) ^ (0,0) and let £: (0,°°) -> (0,°°) be the map 
= r 1 . Then we have lip a = ^,{ll a _p), where £ denotes the image measure 
under the map £. 

Proof. Put <7 = CiHafi)- Then by the proof of J5] Proposition 3.13], 

1 {-z) a 
Saiz) = S^(-l-z) = J^ =S ^ 

for < z < 1. Hence a = jip M - n 

Lemma 12. Let (oc,/3) 7^ (0,0). Denote the limit measure corresponding to jX a p by 
v a,p- Then V a p is uniquely determined by the formula 

for0<t < 1, where F a p(x) — V a p((0,x]) is the distribution function of V a p. 
Proof. The lemma follows directly from Lemma[3]and Theorem[2] □ 
For j3 = and a > 0, 



F a ,o(x) 

Similarly for a = and j3 > 

Fo,p(x) = \ 



i", < x < 1 
1, x>l. 



0, < x < 1 

(l-Jt)~F, x>l. 



Hence Vq^ is the Pareto distribution with scale parameter 1 and shape parameter jj. 

Moreover, if a = j3 > we get F a a (x) = (1 +x~ 1 / a )~ 1 for x G (0,°°), which we 
recognize as the image measure of the Burr distribution with parameters ( 1 , a ) (or 
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equivalently the Fisk or log-logistic distribution (cf. (7J p. 54]) with scale parameter 
1 and shape parameter a~ 1 ) under the map x H> x~ 1 . 

On the other hand, we can make some observations about the distribution )J. a p, 
too. For the cases (oc,/3) = (1,0) and (a,/3) = (0, 1) we can regognize the measures 
Hip and /io,i from there S-transform, as Su 10 {z) = (1 + z) is the S-transform of 
the free Poisson distributions with shape parameter 1 (cf. Ifl6l p. 34]), which is given 
by 



Ml ' 0= 2^V (0.4) 

while , (z) = — z according to Lemma [TT] is the S-transform of the image of the 
above free Poisson distribution under the map t H> t -1 , 



1 V4^T 1 



which is the same as the free stable distribution with parameters a — 1/2 and p = 
1 as described by H. Bercovici, V. Pata and P. Biane in Q] Appendix Al]. More 
genereally, {Xq p is the same as the free stable distribution v a p with a = ^q-r and 

p = 1, because by 0] Appendix A4] v a ,\ is characterized by E Va , (y) = 
y € (—oo,0), and it is easy to check that 



S Va ,(z) = Z Va « ^— j - (-z)^ 1 = S^Jz), < z < 1,0 < a < 1. 
From the above observations, we now can describe a construction of the measures 
Proposition 4. Let m,n be nonnegative integers. Then the measure pi m n is given by 

,, ..Mm KA ,,Mn 

Proof. By multiplicativity of the 5-transform we have that 

(- z )» 

which by uniqueness of the S-transform gives the desired result. □ 
Proposition 5. For all a, j3 > 0. 

E Ma/j (ln*)=j3-a 

K 2 



P(Mo,p) = -g-(« + /3) 



;r 2 



V Ma/i (In*) = (a-j3) 2 + y(aj3 + a + j3) 
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Proof. These formulas follow easily from Propositions Q] and [2] and Lemma[8] 

Furthermore, we also can calculate explicitely all fractional moments of /i a p by 
the following theorem. 

Theorem 3. Let a, j3 > and y e R then we have 

( sm(ny)r(l+y+ya)r(\-y-yfL) 1_ 1 

X<&H a B{x) = { *y WP&=W) l+a^i^T+p (12 ) 

I °° otherwise 

r oo ( r(l+y+ya) j_ 

/ x 7 d^ a ,o{x) = < r(i+rW(2+ya) i > i+o (i 3) 
Jo I oo otherwise 

* y d/ioflW = < r (!-r)r(2-r/i) '^T+p (14) 
' °° otherwise. 



Proof. Let first -1 < y < 1. Then (O, (O, and (O follow from Lemma [TU] to- 
gether with the formula T(l + y)r(l - 7) = Since S^ a0 {z) = j^yr is an- 
alytic in a neighborhood of 0, ji a has finite moments of all orders. Therefore the 
functions 



Sl-> X S d/i a0 (*) 


r(l +i + sa) 



s 1 — ^ 



r(i+5)r(2+*a) 



are both analytic in the halfplane 3is > and they coincide for s £ (0,1). Hence they 
are equal for all sgC with 3is > which proves ( fTST l. By Lemma fTT1(fT4l i follows 
from (O. □ 

Remark 4. By Theorem[3l(fT2l we have 

1. If /3 > 0, then JJ^xdjiia h = °°. Hence sup(supp(/i a n)) = °°. Similarly if a > 
then J^°jc _1 d/i a(J 3(jc) = °°. Hence inf(supp(/i„ )j3 )) = 0. 

2. If j3 = 0, then by Stirling's formula 



a+l 



/ /'° \ " (a + l) 
sup(supp(Ai a , )) = Um I jl f"d|t«,o J = ^ 

Hence by LemmaQTl we have for a = 



inf(suppG"o,j8)) = 



(/3 + l) p 



+ 1 



Note that sup(supp(ju n ,„)) = — , n € N was already proved by F. Larsen in 
(HI Proposition 4.1]. 
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If a = j3 it is also possible to calculate explicitely the density of pL a .a - To do this 
we require a further technical lemma. 

Lemma 13. For — 1 < y < 1 and —K<9<nwe have 

sin0 f°° t r sin(0y) 

' dt = ■ 



% Jo f 2 + 2cos(0)f + 1" sin(7ry) 
Proof. Note first that by the substitution t = e x we have 

t r i r e r* 

dt = - dx. 



Jo t 2 + 2cos(0)f + 1 2 j-oo coshjc + cos 6 
The function 

z i-> 

cosh* + cos 

is meromorphic with simple poles in x = ±\{n — 9) + p2n, p € Z. Apply now the 
residue integral formula to this function on the boundary of 

{z £ C : R < < R,0 < 3z < 2%) 

and let R —> °°. The result follows. □ 

The density of pL a a was computed by P. Biane [3 Section 5.4]. For completeness 
we include a different proof based on Theorem[3]and Lemma [T3l 

Theorem 4. [3 J Let a > then fi a a has the density f a ^ a (t)dt, where 
fa A*)- 



7Z:?(?STT+2cOs( s ZL T )+f 5TT 



for t 6 (0,°°). /n particular jiti.i /ias f/ie density (n^/t(l + f)) 'df anc/ /i2,2 f/ze 



2^(1 +f3 + f 3) 



Proof. To prove this note that for | y| < ^—j 



x 7 fa,a{x)dx 



sin 



(a + 1)^+1)^ 



o ^(y + 2cos(^)+y- 1 ) y 
(a + l)(riii(«£l) r y r(«+i) 



-dy 



/o y 2 +2cos(^)3;+l 
using the substitution y =i"+r. Now by Lemma[T3land Theorem[3l(fT2]i we have 
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X 7 f a ,a{x)Ax = x r d^l a ,a(x) < oo. 
JO 



This implies by unique analytic continuation that the same formula holds for all 

1 

a+l ■ 



7 e C with \3iy\ < ^-j-. In particular 



Jo Jo 



for all sel, which shows that the image measures under x H> lnx of f a a (x)dx and 
jj, a ,a have the same characteristic function. Hence ji a ,a — fa,a(x)dx- □ 

Proposition 6. For all a, j3 > 0, (a, j3) =/= (0,0), the measure pi a p has a continious 
density f a p (x), (x > 0), with respect to the Lebesgue measure on R and 

lim xfa.B (x) = lim xf a a (x) = 0. (15) 

Proof. By the method of proof of Theorem[4] the integral 

can be obtained by replacing 7 by is in the formulas ( TT2b . (TOl ). and < fT4b . Moreover, 



where <7 a p is the image measure of fi a p by the map x 1— > logx, {x > 0). Hence 
by standard Fourier analysis, we know that if h a a e L 1 (R) then a a p has a density 
g a p € Co (M) with respect to the Lebesgue measure on R and hence jj. a p has density 
fa,p( x ) = j8a,p(^ S x ) for jc > 0, which satisfies the condition (1151 1. To prove that 
V/3 € L l (R) for all a,j3 > 0, (a,j3) 7^ (0,0), we observe first that 



r(i-z)r(i+ z ) = -^-, zec\z 

sinftz 



and hence by the functional equation of r 



r(2-z)r(2+ z )= z2) , z ec\z. 

Sin7TZ 



In particular, we have 



r(i+L ? )| 2 = — f— , se 



7T.9 



|r(2 + i,)|> = 5^, 

sinh 7T.s 



sinh Ks 

s e 



Applying these formulas to (fT2l . (fOJ, and (fT~4T > with 7 replaced by is, we get 
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ww=°(m~ 3/2 ) 



for s — > ±°° 



for all choices of oc,/3 > 0, («,j3) 7^ (0,0). Thus by the continuity of h a p it follows 
that h a p G L (R), which proves the proposition. □ 

Note that by Remark [4] it follows that fa,o{x) can only be non-zero if x € 
(o, ^^'I — ) and / j3 can only be non-zero if x e ( jj^p+i ■ Since we have 
seen, that /i ^ coincides with the stable distribution v ap with a = and p = 1 
we have from Q] Appendix 4] that 

Theorem 5. [1 ] The map 

sin0sin^(j30) 71 
. «T777^ ,^ 0<(/)< 



an" +1 ((i3 + l)0)' J3 + 1 

is a bijection of the interval ^0, onto ^ (pf^p+i an d 
f S in0sin^(j30) \ _ S in^ +2 ((j3 + l)0) 

Proof. We know that /i ^ = v 1 j , the stable distribution with parameters a = ^jq-j- 
and p = 1. Moreover, we have from [1 Proposition A1.4], that v a ,i has density i/A a i 
on the interval (ot(l — a) 1//a_1 ,°o) given by 

Va i(x) = — sin 1+ ^ 0sin~^((l — a)8), 
where G (0, n) is the only solution to the equation 

x = sin - « 9 sin« _1 ((1 — oc)9) sinaf?. 

It is now easy to check that f a (x) — y/ 1 . (x) has the form ([ToT i by using the 
substitution = ^-y . □ 

Corollary 3. 77ze map 

, sin a+1 ((a + l)4>) 7T 
TTaTITr. 0<<j>< 



sin0 sin a (a</>) a+1 
is a bijection of the interval (0, ^j) o«fo 10, - — ^ — j and 



sin a+1 ((a + l)</>)\ sin 2 </>sin a l (a<j>) % 



/f%,o I ^A^a/-™,^ ) T o;n«^/rvj_nA\ ' O<0< 



sin0 sin a (a</>) / 7rsin a ((a + 1)0) ' a + 1' 
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Proof. Since ^i a o is the image measure of Ho a by the map 1 1-> j, (t > 0), we have 

/o,oW = -^fo.a , X>0. 

The corollary now follows from Theorem[5]by elementary calculations. □ 

We next use Biane's method to compute the density f a a for all a, j3 > 0. 

Theorem 6. Let a,/3 > 0. Then for each x > there are unique real numbers 
01 , 02 > for which 

7r=(a + l)0 1 + (/3 + l)02 (17) 

x=^^^- a {<t>x + <h)- (18) 
sin p+ (pi 

Moreover 

j+2 



7T sin" 02 



■foj. W = ^dr sin p d9) 



Proof. As jU a ^ has the 5-transform 5^ a ^ (z) = m^ja we by Definition Q] observe 
that 

-(-z)^ +1 / (-z)^ +1 \ 

W Z ) = WhenCC ^ 1- (1 +Z )«+1 J =Z 

for z in some complex neighborhood of (—1,0). Now it is known that 



for every probability measure on (0,°°). Hence 



(l+z)" +1 \ _ (-z)^ + 1 
(-z)P +l ) ~ (l+z) c 



G M Q ,p — rZ^l+i ) - -7^^T77 (2°) 



for z in a complex neighborhood of (—1,0). 
Let H denote the upper half plane in C: 

// = {zeC:3z>0}. 

For zE H, put 

1 =0i(z)=arg(l+z)e(O,7T) 
02 = 02(z) = TT-arg(z) € (0,7T). 
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Basic trigonometry applied to the triangle with vertices — 1, and z, shows that 
01 + 02 < 7C and 

sin 0i sin 02 sin(7T — 0i — 02) 



Hence 



from which 



z = 



\l+z\ 

sin 0i , , sin0 2 

— — and \l+z\ = ^-r: r - 

3(01 + 02) Sin(0i+0 2 



sin( fr e i<h and 3z= sin 0i sin 02 ^ 
sin(0i+0 2 ) ^ sin(0i + 2 ) 



It follows that <t> : z *- > (0i(z),02(z)) is a diffeomorphism of H onto the triangle 
T = {(0i, 2 ) G K 2 : 0i , 02 > 0, 0i + 02 < k} with invers 

Put ff„ )i3 = {z G H : (a+ l)0i (z) + 03 + 1)02 (z) < n}. Then H a> p = 0- 1 (r 0|/l ) 
where T a p = {(0i, 2 ) G T : (a + l)0i + (j3 + 1)0 2 < n}. 
In particular H a ^ is an open connected subset of H. Put 



(l+z) a+1 

Hz) = - [ 1 ^ T r, 3z>0. 



Then 

F( z ) = 1 1 c i((a+m fe^+fg+^fefe^-^ (21) 



so for zE H ( 
on ff a fi 



| z |/3 + l 

^a,/?> 3-F(z) < 0. Therefore ^ (F (z)) is a well defined analytic function 
and since (—1,0) is contained in the closure of H a p it follows from ( 1201 ) 

W F W) = ;^y (22) 

for z in some open subset of H a p and thus by analyticity it holds for all z G H a p . 
Let x > and assume that 0i , 02 > satisfy ( fTTb and ( fTSI i. Put 

Sin(0j + 02) 

Then by (ED 



26 Uffe Haagerup and Soren Moller 

w . = |l+z| a+1 = ( sinfe \ R+I / sin(0 1 + fe) \P +1 = 
lZJ kl^ 1 ^sin(^ + 02) ) \ sin0! J 

Since jj. a p has a continious density f a a on (0,°°) by Proposition |6l the inverse 
Stieltjes transform gives 

/ajW = -- Jim 3G M (w) = i Urn 3G M (w). 

For < t < 1, put z, = <P' [ (t<j>i,t<j)2). Then 

z,e<p- l (j a #)=H a #. 

Thus 3-F(z ? ) < 0. Moreover, z, — >• z and F(zr) — > F(z) = x for f — > 1~. Hence by 
<22), 

= I lim 3G, a (F(*)) = I lim 3 ( Z -^) =^= 

which proves (TT~9b . To complete the proof of Theorem[6l we only need to prove the 
existence and uniqueness of 0i, 02 > 0. Assume that 0i , 02 satisfy ( TPTI i then 

01 = — — 7 and 02 = 



a + 1 rz j3 + 1 

for an unique 9 € (0, tt). Moreover, 

d0i 1 , d0 2 1 

and 



d0 a + 1 d0 J8 + 1 ' 

Hence, expressing u — sl "p +1 ^ 2 sin^~ a (0i + 02 ) as a function m(0) of 9, we get 

(a + I)(j8 + 1)^^ = (j3 + l) 2 cot0! + (a + l) 2 cot0 2 -2(a - j3) 2 cot(0 1 + 02 
do 



sin 0i sin 02 sin(0i + 02) 

where 

A (0i, 02) = ((a + 1) sin 0i cos 02 + (j3 + l)cos0i sin02) 2 + (a — j3) 2 sin 2 0i sin 2 02. 



For a ^ J3 A(0i,0 2 ) > (a - j3) 2 sin 2 0i sin 2 2 > and for a = j3 A(0i,0 2 ) = (a + 
l) 2 sin(0i + 02) > 0. Hence u{9) is a differentiable, strictly increasing function of 
9, and it is easy to check that 
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lim u(9) = and lim u(0)=°°. 

Hence u(9) is a bijection of (0, n) onto (0,°°), which completes the proof of Theo- 
rem|6] □ 

Remark 5. It is much more complicated to express the densities f a p (x) directly as 
functions of x. This has been done for /3 = 0, a E N by K. Penson and K. Zy- 
czkowski in ifTTl and extended to the case a £ Q + by W. Mlotkowski, K. Penson 
and K. Zyczkowski in ifTUl Theorem 3.1]. 
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